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SUMMARY 
. 
The Boundary F o r c e  Method (BFM) was f o r m u l a t e d  for  t h e  three f u n d a m e n t a l  -
prob lems  of e l a s t i c i t y :  t h e  stress boundary v a l u e  problem,  t he  d i s p l a c e m e n t  
boundary v a l u e  problem,  and  the  mixed boundary  v a l u e  problem. Because  t h e  BFM 
is a form of an  i n d i r e c t  boundary e lement  method, o n l y  the  b o u n d a r i e s  of the 
r e g i o n  of i n t e r e s t  are  modeled. The e l a s t i c i ty  s o l u t i o n  for  t h e  stress 
d i s t r i b u t i o n  due  t o  c o n c e n t r a t e d  f o r c e s  and  a moment a p p l i e d  a t  an  a r b i t r a r y  
p o i n t  i n  a c r a c k e d  i n f i n i t e  p l a t e  is used  as t h e  fundamen ta l  s o l u t i o n .  Thus ,  
u n l i k e  o t h e r  boundary e l emen t  methods,  here t h e  crack face need  n o t  be modeled 
as p a r t  of t h e  boundary. The o t h e r  b o u n d a r i e s  are d i v i d e d  i n t o  a f i n i t e  number 
of s t r a i g h t - l i n e  e l e m e n t s ,  a n d  a t  t h e  c e n t e r  o f  each e l e m e n t ,  c o n c e n t r a t e d  
f o r c e s  and  a moment are  a p p l i e d .  This  se t  o f  unknown f o r c e s  a n d  moments are 
calculated t o  s a t i s f y  t h e  p r e s c r i b e d  boundary c o n d i t i o n s  of t h e  problem.  
The f o r m u l a t i o n  of the  BFM is descr ibed  and  t h e  a c c u r a c y  o f  t he  method is 
e s t a b l i s h e d  by a n a l y z i n g  a c e n t e r - c r a c k e d  spec imen s u b j e c t e d  t o  mixed boundary 
c o n d i t i o n s  and  a three-hole cracked c o n f i g u r a t i o n  s u b j e c t e d  t o  t r a c t i o n  boundary 
c o n d i t i o n s .  The r e s u l t s  o b t a i n e d  a r e  i n  good agreement  w i t h  a c c e p t e d  n u m e r i c a l  
s o l u t i o n s .  The method is t h e n  used t o  g e n e r a t e  s t r e s s - i n t e n s i t y  s o l u t i o n s  f o r  
two common cracked c o n f i g u r a t i o n s :  an  edge  c r a c k  emana t ing  from a semi- 
e l l i p t i c a l  n o t c h ,  and an edge c r a c k  emana t ing  from a V-notch. 
The RFM is a versa t i le  t e c h n i q u e  t h a t  c a n  be u s e d  t o  o b t a i n  v e r y  a c c u r a t e  
s t r e s s - i n t e n s i t y  fac tors  f o r  complex c r a c k  c o n f i g u r a t i o n s  s u b j e c t e d  t o  stress, 
d i s p l a c e m e n t ,  o r  mixed boundary c o n d i t i o n s .  The method r e q u i r e s  a minimal 
amount of model ing  e f f o r t  a n d ,  t h e r e f o r e ,  s t r e s s - i n t e n s i t y  factor a n a l y s e s  for a 
r a n g e  o f  crack l e n g t h s  can  be performed w i t h  ease. 
I NTRODU CT I ON 
A c c u r a t e  s t r e s s - i n t e n s i t y  f a c t o r s  are  i m p o r t a n t  i n  t h e  p r e d i c t i o n  o f  crack 
growth  r a t e s  and f r a c t u r e  s t r e n g t h s .  
fa i l - sa fe  d e s i g n  of a i r c r a f t  s t r u c t u r a l  components.  Thus ,  i n  t h e  f i e l d  o f  
f r a c t u r e  mechan ics ,  o n e  of t h e  major  research a c t i v i t i e s  is t h e  development  o f  
new t e c h n i q u e s  t o  o b t a i n  a c c u r a t e  s t r e s s - i n t e n s i t y  f a c t o r s  f o r  a r b i t r a r i l y  
shaped  p l a t e s  w i t h  c r a c k s .  
These p r e d i c t i o n s  a re  e s s e n t i a l  i n  t h e  
A t  p r e s e n t ,  for two-dimens iona l  f r a c t u r e  n e c h a n i c s  a n a l y s e s ,  t h e  three most 
p o p u l a r  n u m e r i c a l  t e c h n i q u e s  f o r  t h e  computa t ion  of s t r e s s - i n t e n s i t y  f a c t o r s  are  
t h e  boundary element method ( B E M ) ,  t h e  f i n i t e  e l emen t  method (FEM), and  t h e  
c o l l o c a t i o n  method. I n  a recent paper [ l ] ,  a more g e n e r a l  n u m e r i c a l  method, t h e  
Boundary Force  Method (BFM), was i n t r o d u c e d .  The BFM is a form of an  i n d i r e c t  
BEM. There a re  t w o  n a j o r  d i f f e r e n c e s  between t h e  p r e s e n t  BFM and t h e  o t h e r  BEM 
[2-73:  t h e  BFM does n o t  r e q u i r e  t h e  model ing  o f  t h e  c r a c k  f a c e s  and t h e  BFM 
i n c l u d e s  t h e  moment a s  an unknown. These two features  were i n c o r p o r a t e d  i n  t h e  
BFM t h r o u g h  t h e  use o f  E rdogan ' s  a n a l y t i c a l  s o l u t i o n  [8] f o r  a ver t ica l  and a 
h o r i z o n t a l  f o r c e  and a moment i n  a n  i n f i n i t e  p l a t e  w i t h  a crack as t h e  
fundamenta l  s o l u t i o n .  The s t ress-free c o n d i t i o n s  on t h e  c r a c k  faces ,  t h e r e f o r e ,  
a r e  exac t ly  s a t i s f i e d  and o n l y  t he  b o u n d a r i e s  of t h e  a n a l y s i s  domain need  t o  be 
modeled i n  t h i s  method. The e f fec t  of a d d i n g  t h e  moment unknown t o  t h e  BFM w i l l  
be i n v e s t i g a t e d  a n d  t h e  conve rgence  r a t e s  w i l l  be compared w i t h  BEM u s i n g  f o r c e s  
o n l y  as  t h e  unknowns. 
U n l i k e  i n  t h e  BFM, w i t h  t h e  FEM t h e  e n t i r e  r e g i o n  o f  i n t e r e s t  has  t o  be 
d i s c r e t i z e d .  Thus,  i n  f r a c t u r e  mechanics  where a f i n e  mesh is needed  i n  r e g i o n s  
w i t h  h i g h  stress g r a d i e n t s  ( c r a c k  t i p ) ,  t h e  FEM can  be cumbersome t o  u s e .  
T h e r e f o r e ,  f o r  c o n f i g u r a t i o n s  w i t h  c r a c k s  and n o t c h e s ,  t h e  number of e l e m e n t s  
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required t o  accurately model these problems can be extremely la rge .  
i n  crack-growth-rate predict ions,  s t ress - in tens i ty  f a c t o r s  must be  found f o r  
various crack lengths.  Thus,  i n  the FEM, a new mesh must be generated f o r  each 
crack length t o  accurately model the region near t h e  crack t i p  and a la rge  
amount of time is needed f o r  modeling. 
Moreover, 
I n  the col locat ion method, only the  boundaries of the region of i n t e r e s t  
need t o  be modeled as i n  the BFM. However, u n l i k e  the  BFM, t he  basic stress 
functions a r e  d i f f e r e n t  f o r  each class  of problems. Therefore, i n  the 
col locat ion method, a la rge  amount of time can be spent i n  developing and 
formulating new s t r e s s  functions.  
The purpose of t h i s  paper is t o  present the formulation of t h e  BFM for  
displacement and mixed boundary value problems. The following sec t ion  b r i e f l y  
describes t h e  formulation of the BFM for  the s t r e s s  boundary value problem, the 
displacement boundary value problem, and the mixed boundary value problem. 
Complete d e t a i l s  on these formulation can be found i n  [ 9 ] .  To evaluate t h e  BFM 
for  displacement and mixed boundary value problems, an end-clamped-tension 
specimen w i t h  a cen t ra l  crack was analyzed. And t o  fur ther  va l ida te  the BFM for  
s t r e s s  boundary value problems, a three-hole cracked specimen was a l so  analyzed. 
The solut ions for  these configurations a r e  avai lable  i n  the l i t e r a t u r e  f o r  
comparison. Also, s t r e s s - i n t e n s i t y  f a c t o r  solut ions were obtained f o r  the 
following two engineering problems for which no s t r e s s - i n t e n s i t y  fac tor  
so lu t ions  a r e  avai lable:  an edge crack emanating from a semi-e l l ip t ica l  notch 
and an edge crack emanating from a V-notch. 
a 
b 
LIST OF SYMBOLS 
crack length or one-half crack length 
half height of notch 
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V 
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u u  u x s  y '  xy 
r e s u l t  a n t  c o u p l e  
Young's modulus 
i n f l u e n c e  c o e f f i c i e n t  m a t r i x  
s t r e s s - i n t e n s i t y  c o r r e c t i o n  fac tor  
r e s u l t a n t  forces  i n  t h e  x- and y - d i r e c t i o n s ,  r e s p e c t i v e l y  
h e i g h t  and w i d t h  of r e c t a n g u l a r  p l a t e s ,  r e s p e c t i v e l y  
s t r e s s - i n t e n s i t y  factor  
l e n g t h  of e l e m e n t  i 
c o n c e n t r a t e d  moment 
number of s u b d i v i s i o n  pe r  e lement  
number of e l e m e n t s  
u n i t  loads and moment on  t h e  ith e l e m e n t  
c o n c e n t r a t e d  forces  i n  t h e  y- and x - d i r e c t i o n s ,  r e s p e c t i v e l y  
v e c t o r  of unknown forces and moments 
e x t e r n a l l y  a p p l i e d  load v e c t o r  
no tch  r a d i u s  
remote a p p l i e d  stress 
d i s p l a c e m e n t s  i n  t h e  x- and y - d i r e c t i o n s ,  r e s p e c t i v e l y  
C a r t e s i a n  coordi n a t e s  
complex v a r i a b l e ,  z = x + i y  
l o c a t i o n  o f  forces and moment, z 
m a t e r i a l  c o n s t a n t :  = 3-4v for  p l a n e  s t r a i n  
0 = xo + i y  0 
= (3-v)/(l+v) f o r  p l a n e  stress 
p r o j e c t i o n  of s u b - a r c  o n t o  t h e  x- and y - a x e s ,  r e s p e c t i v e l y  
shear modulus 
P o i s s o n ' s  r a t i o  
r o t a t i o n  o f  e l e m e n t  
C a r t e s i a n  stresses 
I n  t h i  
normal  and  shear stresses on  t he  boundary 
complex stress f u n c t i o n s  
FORMULATION OF THE BOUNDARY FORCE METHOD 
s e c t i o n ,  f irst  t h e  f o r m u l a t i o n  of t h e  BFM fo r  a t res  bounda Y 
v a l u e  problem is p r e s e n t e d .  N e x t  t h e  f o r m u l a t i o n  f o r  t he  d i s p l a c e m e n t  and  the  
mixed boundary v a l u e  problems i s  p r e s e n t e d .  
A s  ment ioned  ear l ie r  t h e  fundamenta l  s o l u t i o n  u s e d  i n  t h e  BFM is t h e  
s o l u t i o n  f o r  a h o r i z o n t a l  f o r c e ,  a ver t ica l  force,  a n d  a moment a c t i n g  a t  a n  
a r b i t r a r y  p o i n t  i n  a n  i n f i n i t e  p l a t e  C81. The d e t a i l s  of t h i s  fundamenta l  
s o l u t i o n  are p r e s e n t e d  i n  Appendix A .  The BFM u t i l i z e s  t h i s  s o l u t i o n  i n  
c o n j u n c t i o n  w i t h  t h e  s u p e r p o s i t i o n  t e c h n i q u e  t o  s a t i s f y  t h e  boundary c o n d i t i o n s  
o n  the  b o u n d a r i e s  of a f i n i t e  c racked  p l a t e .  The method is e x p l a i n e d  below 
u s i n g  t h e  stress boundary v a l u e  f o r m u l a t i o n .  
Stress  Boundary Value Problems 
For t h e  f i r s t  fundamenta l  problem of e l a s t i c i t y ,  where o n l y  t r a c t i o n s  a re  
a p p l i e d  o n  t h e  b o u n d a r i e s ,  c o n s i d e r  a c e n t r a l l y  cracked r e c t a n g u l a r  p l a t e  
s u b j e c t e d  t o  t r a c t i o n s  w i t h  t h e  c o o r d i n a t e  s y s t e m  shown i n  F i g u r e  1 .  For ease 
of i l l u s t r a t i o n ,  t he  a p p l i e d  t r a c t i o n  a t  t h e  e n d s  is assumed t o  be symmetric 
a b o u t  t h e  x- and y-axes.  T h e r e f o r e ,  o n l y  o n e  q u a r t e r  of t h e  r e g i o n  n e e d s  t o  be 
modeled. 
The f i r s t  s t e p  i n  t h e  BFM is t o  d i s c r e t i z e  t h e  boundary by e n c l o s i n g  t h e  
r e g i o n  of i n t e r e s t  w i t h  a f i n i t e  number of e l e m e n t s .  S i n c e  o n l y  o n e  q u a d r a n t  of 
t h e  p l a t e  i n  F i g u r e  1 n e e d s  t o  b e  modeled t h e  r e g i o n  of i n t e r e s t  is 0 I x I W/2 
a n d  0 5 y I H/2,  where  W is t h e  w i d t h  of t h e  p l a t e  and H is t h e  h e i g h t  of t he  
p l a t e .  F o r  i l l u s t r a t i o n ,  t h e  b o u n d a r i e s  AB and BC (see F i g u r e  1 )  are d i v i d e d  
i n t o  a t o t a l  of N e q u a l - s i z e d  elements. The s o l u t i o n  t o  t h i s  problem is 
o b t a i n e d  by t h e  s u p e r p o s i t i o n  of t h e  c o n c e n t r a t e d  forces and  moments i n  a n  
5 
i n f i n i t e  p l a t e  as shown i n  F i g u r e  2 f o r  N = 4. The dashed l i n e s  i n  F i g u r e  2 
c o r r e s p o n d  t o  a n  imaginary  boundary  on t h e  i n f i n i t e  p la te  traced from F i g u r e  1 .  
t h  The c o n c e n t r a t e d  forces P i ,  Q i ,  and  t h e  moment Mi a c t i n g  on t h e  i 
e l emen t  create  r e s u l t a n t  f o r c e s  R and  R i n  t he  x- and y-d i rec t ions ,  and  a 
x, Y, J J 
r e s u l t a n t  c o u p l e  C 
t h e  ou tward  normal  at  a d i s t a n c e  6i from the  c e n t e r  o f  each e l emen t  on t h e  
b o u n d a r i e s .  T h i s  o f f s e t  was used  t o  f a c i l i t a t e  t h e  computa t ion  o f  stress on t h e  
on t h e  j t h  element. The forces and moment were a p p l i e d  on 
j 
b o u n d a r i e s  w i t h o u t  e n c o u n t e r i n g  s i n g u l a r i t i e s .  The v a l u e  o f  6 .  was chosen  t o  be 
o n e - q u a r t e r  of t h e  element s i z e .  The r e s u l t a n t  f o r c e s  and c o u p l e  on  e l emen t  j 
1 
d u e  t o  t h e  forces and moments on a l l  t h e  e l e m e n t s  are 
N 
Fx.m M i )  
J i  
t 
+ F x . q  Qi R x  = 1 ( F  x j  Pi pi 
J i  j i = l  
N 
R = 1 ( F y S p  P i  + F Q + F Mi) 
y . q .  i Y j  mi 'j i = l  J i J 1  
N 
C = 1 ( C .  P + C .  Q .  + C M i )  
j i = l  J P i  i J q i  1 j mi  (3) 
where F = f o r c e  i n  t he  x - d i r e c t i o n  o n  t h e  j t h  e lemen t  due  t o  u n i t  l o a d s  i n  
Xj Pi 
t h e  y - d i r e c t i o n  a t  f o u r  symmetric p o i n t s :  u n i t  load pi a t  
(xo J Yg 
(-xo , - Y o . ) .  
and (-x , y o  ) and u n i t  l o a d  -pi  a t  (xo , -yo 1 and 
i i O i  i i i 
P o i n t  (x, , yo  is t h e  l o a d  p o i n t  of pi on e l emen t  
i 1 i i 
i .  
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F = f o r c e  i n  t he  y - d i r e c t i o n  on  t h e  j t h  e lemen t  due  t o  u n i t  l o a d s  a t  
YjPi 
t h e  f o u r  symmetr ic  p o i n t s .  
C = r e s u l t a n t  moment on the  j t h  e lemen t  due  t o  u n i t  l o a d s  a t  t h e  f o u r  
j pi 
symmetr ic  p o i n t s .  
and C . The F 
x jq i ’  Fy jq i ’  ‘ jq i ’  Fxjrni* Yjmi  j m i  
Similar d e f i n i t i o n s  e x i s t  f o r  F 
r e s u l t a n t  forces and  c o u p l e s  are assumed t o  ac t  a t  t h e  c e n t e r  of t h e  
c o r r e s p o n d i n g  e l e m e n t .  For each e lement  there are 3 e q u a t i o n s  (degrees o f  
freedom) a n d ,  t h e r e f o r e ,  f o r  a any  number of e l emen t  N on t h e  boundary the  
r e s u l t i n g  sys t em of e q u a t i o n s  is 
r ~i la1 
1 3Nx3N’ 3Nx1 “” 3Nx1 
YjPi ’ where [F] is t h e  i n f l u e n c e  c o e f f i c i e n t  matrix c o n t a i n i n g  t h e  F , F  XjPi 
C , e tc .  terms. Here Mi 
n = number of s u b d i v i s i o n s  on each e l e m e n t ,  F and F a re  d e f i n e d  above  
Y j P i  Y jq i  
and s u p e r s c r i p t  k refers t o  t h e  k t h  s u b d i v i s i o n .  
k t h  
= x - d i s t a n c e  from t h e  c e n t e r  of t h e  k s u b d i v i s i o n  t o  t h e  
c e n t e r  of t h e  j t h  e lemen t  and 
= y - d i s t a n c e  from t h e  c e n t e r  o f  t h e  k th  s u b d i v i s i o n  t o  t h e  
j 
A X  
A k  
’j 
c e n t e r  of t h e  j t h  e l e m e n t .  
Once t h e  i n f l u e n c e  c o e f f i c i e n t  m a t r i x  is computed and t h e  a p p l i e d  l o a d s  
have been d e t e r m i n e d ,  t h e  unknown forces and  moments a l o n g  t h e  b o u n d a r i e s  c a n  be 
f o u n d  . 
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To d e t e r m i n e  t h e  a p p l i e d  l o a d s ,  a g a i n  c o n s i d e r  t he  s i m p l e  example shown i n  
F i g u r e  1 .  Because  t he  boundary AB is a f ree  boundary ,  t h e  r e s u l t a n t  forces 
and moments due  t o  the e x t e r n a l l y  a p p l i e d  loads are z e r o  f o r  e l e m e n t s  on 
boundary AB. Thus ,  
=O 
j 
R* 
R =O 
'j 
for e l emen t  j on boundary AB (4) 
For  t h e  j th  e lement  on boundary BC t h e  r e s u l t a n t  f o r c e s  and moment created by 
t h e  e x t e r n a l l y  a p p l i e d  l o a d s  are 
=O 
j 
RX 
= s.  x L f o r  e l e m e n t  j o n  boundary BC 
j 
R 
J 'j 
(5 )  
J 
where S is the a p p l i e d  t r a c t i o n  per u n i t  t h i c k n e s s  o n  t h e  jth e l e m e n t  and L .  is 
j J 
t h e  l e n g t h  of t h e  j t h  e l e m e n t  
R e p l a c i n g  the  l e f t - h a n d  s i d e  of e q u a t i o n s  (11,  (21,  a n d  (3)  by e q u a t i o n s  
( 4 )  and  (5 )  r e s u l t s  i n  a 3 N  s e t  of l i n e a r  a l g e b r a i c  s i m u l t a n e o u s  e q u a t i o n s .  The 
unknowns are  P i ,  Q i ,  and  
e q u a t i o n s  l eads  t o  t h e  d e t e r m i n a t i o n  of P i ,  Q i ,  a n d  M i .  The stresses and 
$isp lacements a t  =rny point. can t h e n  b e  found u s i n g  e q u a t i o n s  (A21 and ( A 3 1 ,  
M i  ( i  = 1 t o  N). The s o l u t i o n  of t h i s  s e t  of 
r e s p e c t i v e l y ,  g i v e n  i n  Appendix A .  The s t r e s s - i n t e n s i t y  factor  is f o u n d  u s i n g  
e q u a t i o n  (A6) .  
Disp lacement  Boundary Value Problems 
For t h e  s e c o n d  fundamenta l  problem of e l a s t i c i t y ,  where o n l y  d i s p l a c e m e n t s  
are p r e s c r i b e d  on  t h e  b o u n d a r i e s ,  c o n s i d e r  t h e  c e n t r a l l y  cracked r e c t a n g u l a r  
p la te  s u b j e c t e d  t o  prescribed d i s p l a c e m e n t s  (see F i g u r e  3). 
Let t h e  b o u n d a r i e s  AB and  BC be d i v i d e d  i n  N e l e m e n t s .  C o n s i d e r  a 
r e p r e s e n t a t i v e  e l e m e n t  j on  boundary AB. The d i s p l a c e m e n t s  and  r o t a t i o n  of t h e  
j t h  e lement  created by P , Q i ,  and  M (i = 1 t o  N) a re  
i i 
N 
P .  + D Qi + Dx., ,  M i )  
J i  X . P .  1 x jq i  
1 (D 
i = l  J 1 
2uuj  = 
N 
1 (D y . p .  P i + D  y . q .  Q i + D  y.m Mi)  
J i  i = l  J 1 J 1  2vvj  = 
( 6 )  
( 7 )  
9 
N 
21 .~3~  = 1 (c jP ip i  +  sip^ + G ~ ~ . M ~ )  i = l  1 
where D = x-disp lacement  of t he  j t h  e lemen t  due  t o  u n i t  l o a d s  a c t i n g  i n  t h e  
X j  Pi 
y - d i r e c t i o n  on the  ith e lemen t  a t  f o u r  symmet r i c  p o i n t s :  
P i  a t  (xo  9 Y O i  i 
and (-xo , -yo 1. 
u n i t  load 
- 
yoi ) and ( -xo , yo ) and u n i t  l o a d  -p a t  (x, , i i i i 
i i 
D = y-d i sp lacemen t  of t h e  j th e l emen t  due  t o  u n i t  l o a d s  a t  t h e  four 
YjPi 
symmetric p o i n t s .  
= r o t a t i o n  of t h e  j t h  e lemen t  due t o  u n i t  l o a d s  a t  t h e  f o u r  
symmetric p o i n t s .  
C 
j pi 
t h  
The r o t a t i o n  C of t h e  jth e lemen t  d u e  t o  a u n i t  l o a d  pi a c t i n g  on i 
j p i  
e lement  is o b t a i n e d  from t h e  f o l l o w i n g  e x p r e s s i o n :  
c =  
j p i  
z j + l  z z 
J + D  
Y j P i  
D j + 1  
z 
D J + D  
X . P  X.P Y j P i  
J i  J i +  ( 9 )  
where z and  z a r e  t h e  end p o i n t s  of t h e  j t h  e lemen t  and j j + l  
LJ 
Y 
LJ 
= y - p r o j e c t i o n  of t h e  j t h  e lemen t  
= x - p r o j e c t i o n  of t h e  j t h  e lemen t  
X 
, and  G . 
x j q i ’  Dxjmi 9 D  y j q i *  Dyjmi* Gjsi j m i  
S i m i l a r  d e f i n i t i o n s  are used  f o r  D 
R e p l a c i n g  t h e  l e f t - h a n d  s i d e  o f  e q u a t i o n s  (6), (71 ,  and (8 )  by t h e  
c o r r e s p o n d i n g  p r e s c r i b e d  d i s p l a c e m e n t s  r e s u l t s  i n  a 3N set of l i n e a r  algebraic 
10 
. 
s i m u l t a n e o u s  e q u a t i o n s .  The unknowns are Pi ,  Qi a n d  M .  ( i  = 1 t o  N). The 
1 
s o l u t i o n  of t h i s  set of e q u a t i o n s  d e t e r m i n e s  P i ,  Q i ,  a n d  M i ,  a n d  t h e n  t he  
stresses a n d  d i s p l a c e m e n t s  a t  any p o i n t  c a n  then  be  found u s i n g  e q u a t i o n  (A21 
and ( A 3 ) ,  r e s p e c t i v e l y .  The s t r e s s - i n t e n s i t y  factor  is f o u n d  u s i n g  e q u a t i o n s  
(A6) .  
Mixed Boundary Value Problems 
F o r  t h e  t h i r d  fundamenta l  problem of e l a s t i c i t y ,  where t r a c t i o n s  are 
a p p l i e d  on a p o r t i o n  of t h e  boundary a n d  d i s p l a c e m e n t s  are  p r e s c r i b e d  on the  
rest of t h e  boundary ,  c o n s i d e r  t he  c e n t r a l l y  cracked r e c t a n g u l a r  p l a t e  shown i n  
F i g u r e  4. An example of  s u c h  a problem is  the  end  clamped t e n s i o n  spec imen w i t h  
a c e n t r a l  c rack ,  where t h e  v e r t i c a l  e n d s  of a r e c t a n g u l a r  p l a t e  are  clamped and 
g i v e n  an a p p l i e d  d i s p l a c e m e n t .  Because of symmetry,  o n l y  t h e  upper  r i g h t - h a n d  
q u a d r a n t  of t h e  r e c t a n g u l a r  p l a t e  needs t o  be  modeled. 
Let t h e  b o u n d a r i e s  AB a n d  BC be d i v i d e d  i n t o  N e l e m e n t s .  As i n  t h e  
two p r e v i o u s  cases, a n  i n f l u e n c e  c o e f f i c i e n t  m a t r i x  must be d e t e r m i n e d .  In t h i s  
case, t h e  e l e m e n t  j on boundary AB, t h e  boundary c o n d i t i o n s  are  t h e  stress-free 
boundary c o n d i t i o n s ;  t h u s ,  e q u a t i o n s  ( 1 )  t h r o u g h  ( 3 )  a p p l y .  F o r  e l e m e n t  j on 
boundary BC, t h e  boundary c o n d i t i o n s  a re  i n  terms of d i s p l a c e m e n t s ;  t h u s ,  
e q u a t i o n s  ( 6 )  t h r o u g h  ( 8 )  a p p l y .  
Again ,  t h i s  results i n  a 3 N  s e t  of l i n e a r  a l g e b r a i c  s i m u l t a n e o u s  e q u a t i o n s .  
The unknowns are P i ,  Q i ,  and  
e q u a t i o n s  d e t e r m i n e s  t h e  unlfnown. 
can  t h e n  be found u s i n g  e q u a t i o n s  (A21 and  (A3).  The s t r e s s - i n t e n s i t y  fac tor  is 
M i  ( i  = 1 t o  N ) .  The s o l u t i o n  of t h i s  s e t  of 
The  stresses and d i s p l a c e m e n t s  a t  any p o i n t  
found u s i n g  e q u a t i o n  (A6) .  
1 1  
RESULTS A N D  DISCUSSION 
I n  t h i s  s e c t i o n ,  f irst ,  t h e  a c c u r a c y  o f  the  BFM, where b o t h  forces and  
moments are used as unknown, is compared wi th  o t h e r  boundary methods where o n l y  
f o r c e s  are used  as t h e  unknowns. The conve rgence  character is t ics  o f  the  BFM are  
s t u d i e d  by a n a l y z i n g  a c e n t e r - c r a c k e d  t e n s i o n  spec imen w i t h  a l a r g e  crack. The 
a c c u r a c y  of the  BFM for  d i s p l a c e m e n t  boundary v a l u e  problems is i n v e s t i g a t e d  by 
a n a l y z i n g  a end-clamped t e n s i o n  spec imen w i t h  a c e n t e r  crack s u b j e c t e d  t o  mixed 
boundary c o n d i t i o n s .  Also, t o  f u r t h e r  v a l i d a t e  t h e  BFM for  stress boundary 
v a l u e  problem,  a t h r e e - h o l e  cracked spec imen s u b j e c t e d  t o  un i fo rm t e n s i o n  was 
a n a l y z e d .  Accura t e  s o l u t i o n s  f o r  these  two c o n f i g u r a t i o n  a re  a v a i l a b l e  i n  t h e  
l i t e r a t u r e  f o r  comparison. F i n a l l y ,  t h e  method is used  t o  o b t a i n  Stress- 
i n t e n s i t y  f a c t o r  s o l u t i o n s  f o r  complex crack c o n f i g u r a t i o n s  for  which no 
s o l u t i o n s  are  a v a i l a b l e ,  a n  edge  c r a c k  emanat ing  from a s e m i - e l l i p t i c a l  n o t c h ,  
and a n  edge crack emanat ing  from a V-notch. 
Accuracy  and Convergence S t u d i e s  
P r e v i o u s  work  on boundary e l emen t  methods has  shown t h a t  improved accuracy 
is o b t a i n e d  when t h e  boundary  c o n d i t i o n s  were sa t i s f i ed  i n  terms of  r e s u l t a n t  
f o r c e s  i n s t e a d  of stresses C61. I n  t h e  BFM, a n  a d d i t i o n a l  d e g r e e  o f  freedom was 
added t o  each e lement  so  t h a t  t h e  boundary c o n d i t i o n s  a r e  s a t i s f i e d  i n  terms Of 
r e s u l t a n t  f o r c e s  and moments. To i l l u s t r a t e  t h e  f u r t h e r  improvements o f  t h i s  
t e c h n i q u e  o v e r  p r e v i o u s  w o r k ,  where o n l y  r e s u l t a n t  f o r c e s  are  u s e d ,  a C e n t e r -  
crack t e n s i o n  specimen w i t h  a l a r g e  crack (2a/W = 0.8)  was a n a l y z e d  w i t h  t h e  BFM 
u s i n g  r e s u l t a n t  f o r c e s  o n l y  and u s i n g  b o t h  r e s u l t a n t  f o r c e s  and  moments. I n  
F i g u r e  5,  t h e  r e l a t i v e  e r r o r  is  p l o t t e d  a g a i n s t  t he  number of degrees o f  freedom 
for  e i ther  t h e  t t f o r c e v t  method o r  the  "force and  momentt1 method. The r e l a t i v e  
e r r o r  is d e f i n e d  a s :  
1 2  
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- 
Kcomputed Kref .  R e l a t i v e  Error = .- K r e f .  
where Kref i o b t a i n  from [ l o ] .  F i g u r e  5 shows t h  t t he  a urac a n d  t h  t e  
of convergence  of t he  s o l u t i o n  improved s i g n i f i c a n t l y  when r e s u l t a n t  forces  a n d  
moments are  used  i n s t e a d  of r e s u l t a n t  forces a l o n e .  
The r e s u l t s  i n  F i g u r e  5 were o b t a i n e d  w i t h  e q u a l  s i z e  e l e m e n t s  o n  t h e  
b o u n d a r i e s .  As shown i n  F i g u r e  6 ,  a f u r t h e r  improvement i n  c o n v e r g e n c e  was 
o b t a i n e d  w i t h  a g r a d u a t e d  e l e m e n t  d i s t r i b u t i o n  o n  t h e  b o u n d a r i e s .  T h i s  
g r a d u a t e d  e l e m e n t  d i s t r i b u t i o n  was g e n e r a t e d  u s i n g  t h e  r a d i a l - l i n e  method 
d e s c r i b e d  i n  Appendix 8. A g r a d u a t e d  boundary mesh was used  i n  a l l  t h e  problems 
U”Y*, g n p 1 ~ 7 ~ d  I- - in t h e  fnllnwing sections. 
Comparison w i t h  E x i s t i n g  S o l u t i o n  
Because s o l u t i o n s  fo r  d i s p l a c e m e n t  boundary v a l u e  problems w i t h  cracks are 
n o t  a v a i l a b l e  fo r  compar ison ,  a mixed boundary v a l u e  problem was u s e d  t o  
d e m o n s t r a t e  t h e  a p p l i c a b i l i t y  of t h e  BFM t o  problems w i t h  p r e s c r i b e d  
d i s p l a c e m e n t s .  S i n c e  t h e  s o l u t i o n  fo r  a end  clamped t e n s i o n  spec imen w i t h  a 
c e n t r a l  crack is a v a i l a b l e  i n  t h e  l i t e r a t u r e  E l l ] ,  t h i s  c o n f i g u r a t i o n  was u s e d  
t o  v e r i f y  t h e  BFM for  a mixed  boundary v a l u e  problem. Next ,  t o  f u r t h e r  v a l i d a t e  
t h e  BFM f o r  stress boundary problem, t h e  method is used  t o  a n a l y z e  a three-hole 
cracked specimen s u b j e c t e d  t o  u n i a x i a l  t e n s i o n  and compared t o  a s o l u t i o n  
o b t a i n e d  u s i n g  t h e  f i n i t e  e l e m e n t  method [ 121 .  
End clamped t e n s i o n  spec imen.  - The r e s u l t s  f o r  a end  clamped t e n s i o n  
specimen w i t h  a c e n t e r  crack are  shown i n  F i g u r e  7. Because of  symmetry,  o n l y  
t h e  u p p e r  r i g h t  q u a d r a n t  was modeled. The crack t i p  was c h o s e n  as t h e  o r i g i n  of 
t h e  r a d i a l  l i n e s .  Zero t r a c t i o n s  a r e  p r e s c r i b e d  on t h e  v e r t i c a l  boundary ( x  = 
W/2) and a c o n s t a n t  normal  d i s p l a c e m e n t  vo is p r e s c r i b e d  o n  t h e  h o r i z o n t a l  
boundary ( y  = H / 2 ) ,  as shown i n  F i g u r e  7. The h e i g h t - t o - w i d t h  r a t io s  (H/W) 
c o n s i d e r e d  were 0.5, 1 .0 ,  and 1.5. The s t r e s s - i n t e n s i t y  c o r r e c t i o n  fac tors  
o b t a i n e d  f o r  s e v e r a l  c r a c k - l e n g t h - t o - w i d t h  (2a/W) r a t i o s  are p r e s e n t e d  i n  F i g u r e  
7 and T a b l e  I ,  t o g e t h e r  w i t h  t h e  r e s u l t s  o b t a i n e d  by I s ida  [ l l ]  u s i n g  t h e  
c o l l o c a t i o n  t e c h n i q u e .  The agreement  between t h e  p r e s e n t  r e s u l t s  a n d  t h e  
r e s u l t s  o b t a i n e d  by I s ida  [ l l ]  is w i t h i n  1 p e r c e n t .  
T h r e e  ho le  c r a c k e d  spec imen.  - S t r i n g e r s  a re  w i d e l y  used i n  a i r c ra f t  
s t r u c t u r e s  as s t i f f e n i n g  members. To s i m u l a t e  t h e  effect  of a s t r i n g e r  o n  a 
p r o p a g a t i n g  c rack ,  t h e  three hole  crack spec imen shown i n  F i g u r e  8 was d e v e l o p e d  
c123. 
For cracks w i t h  a/W < 0 .1 ,  t h e  crack t i p  was chosen  as the  o r i g i n  of t he  
r a d i a l  l i n e  for a l l  b o u n d a r i e s .  However, f o r  cracks w i t h  a/W > 0 . 1 ,  t h e  crack 
t i p  was chosen  as  t h e  o r i g i n  of t h e  r ad ia l  l i n e  for  a l l  b o u n d a r i e s  e x c e p t  t h e  
boundary of t h e  c i r c u l a r  hole from which t h e  crack emanates .  F o r  t h i s  boundary,  
t he  c e n t e r  of t h e  h o l e  was chosen  as t h e  o r i g i n  of t h e  rad ia l  l i n e s  t o  e n s u r e  
t h a t  a s u f f i c i e n t  number of e l e m e n t s  were used  t o  model t h i s  boundary.  
The  s t r e s s - i n t e n s i t y  c o r r e c t i o n  f a c t o r s  o b t a i n e d  fo r  s e v e r a l  crack l e n g t h s  
are p r e s e n t e d  i n  F i g u r e  8 and  Table 11, t o g e t h e r  w i t h  t h e  r e s u l t s  o b t a i n e d  by 
Newman E121 u s i n g  t h e  f i n i t e  e l e m e n t  method. The agreement  between t h e  p r e s e n t  
r e s u l t s  a n d  those  o b t a i n e d  by f i n i t e  e l e m e n t  method [ 1 2 ]  are  w i t h i n  1 p e r c e n t  
for i n t e r m e d i a t e  c r a c k  l e n g t h s  (a/W = 0.125 t o  0 . 3 0 0 ) .  However, fo r  s h o r t  or 
l o n g  crack l e n g t h s ,  t h e  p r e s e n t  r e s u l t s  are 2 t o  3 p e r c e n t  h igher  t h a n  those 
o b t a i n e d  by Newman [ 1 2 l .  Based o n  convergence  s t u d i e s ,  Newman estimated t h a t  
f o r  s h o r t  and  l o n g  c r a c k  l e n g t h s  h i s  r e s u l t s  were 2 t o  3 p e r c e n t  lower t h a n  t he  
"correcttt s o l u t i o n .  Thus ,  t he  BFM y i e l d e d  a more a c c u r a t e  s o l u t i o n  t h a n  those  
used i n  C121. 
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Solutions f o r  Cracks Emanating from Notches 
I n  t h i s  sec t ion ,  two prac t ica l  engineering configurations f o r  which s t r e s s -  
i n t e n s i t y  f a c t o r  so lu t ions  a r e  needed, and a r e  not ava i lab le  i n  t h e  l i t e r a t u r e ,  
a r e  analyzed. The configurations considered a r e  an edge crack emanating from a 
semi-el l ipt ical  notch and an edge crack emanating from a V-notch, both subjected 
t o  uniaxial  tension. For each configuration, several  crack-length-to-notch- 
rad ius  r a t i o s  were considered. 
Edge crack emanating from semi-e l l ip t ica l  notch. - The s t r e s s - i n t e n s i t y  
correct ion f a c t o r s  obtained f o r  three values of notch-depth-to-width r a t i o  (r/W 
= 0.25, 0.125 and 0.0625) and f o r  various crack lengths a r e  presented i n  Figure 
9 and Table 111. The aspect r a t i o  for  a l l  values of r/W is b / r  = 0.25. The 
so lu t ion  f o r  a s ing le  edge crack without a notch is a l s o  shown i n  Figure 9.  
Even f o r  a r e l a t i v e l y  short  crack, t h e  r e s u l t s  showed t h a t  the s t r e s s - i n t e n s i t y  
correct ion f a c t o r s  approached that  of a s i n g l e  edge crack without t h e  notch. I n  
c o n t r a s t ,  Figure 10  shows the s t ress - in tens i ty  correct ion f a c t o r s  f o r  an edge 
crack emanating from a semi-circular notch [ l ]  (aspect r a t i o  b / r  = 1.0). 
t h i s  case,  the s t ress - in tens i ty  correction f a c t o r s  approached t h a t  of a s i n g l e  
edge crack more gradually,  t h a t  is ,  f o r  a longer crack. Thus ,  the  so lu t ion  for  
a s i n g l e  edge crack can be used even f o r  r e l a t i v e l y  short  cracks emanating from 
a semi-e l l ip t ica l  notch having a small aspect r a t i o ,  whereas the so lu t ion  f o r  
s i n g l e  edge crack can only be used for  r e l a t i v e l y  longer cracks emanating from a 
semi-circular notch. 
I n  
Edge crack emanating from a V-notch. - The s t ress - in tens i ty  correct ion 
f a c t o r s  obtained f o r  th ree  values of the notch-depth-to-width r a t i o  (r/W = 0.25, 
0.125, and  0.0625) a r e  presented i n  Table I V .  As f o r  the semi-e l l ip t ica l  notch, 
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the  aspect r a t i o  considered here is 0.25. 
the previous case.  Again, even f o r  r e l a t i v e l y  shor t  cracks,  t h e  s t r e s s -  
in tens i ty  correction f a c t o r s  approached t h a t  of a s i n g l e  edge crack without a 
notch. 
The r e s u l t s  showed t r e n d s  similar t o  
CONCLUDING REMARKS 
The Boundary Force Method was formulated f o r  the three fundamental problems 
of e l a s t i c i t y :  the s t r e s s  boundary value problem, the displacement boundary 
value problem, and the mixed boundary value problem. 
The accuracy of the BFM was establ ished by comparisons t o  crack 
configurations f o r  which exact or accurate numerical s t r e s s - i n t e n s i t y  fac tor  
solut ions a r e  available i n  l i t e r a t u r e .  These crack configurations included 
mixed boundary value problems and s t r e s s  boundary value problems. The method 
yielded s t ress - in tens i  t y  correct ion f a c t o r s  which were i n  good agreement w i t h  
those i n  t h e  l i t e r a t u r e  f o r  the  end clamped tension specimen wi th  a center  crack 
and t h e  three-hole cracked tension specimen. 
Two complex crack configurations f o r  which no so lu t ions  a r e  ava i lab le  were 
a l so  analyzed: an edge crack emanating from a semi-e l l ip t ica l  notch and an edge 
crack emanating from a V-notch. 
to-notch-radius ra t ios  were analyzed and s t r e s s - i n t e n s i t y  correct ion f a c t o r s  
were presented. Because only the boundaries a r e  modeled f o r  each 
configuration, the s t ress - in tens i ty  f a c t o r s  were obtained f o r  several  crack 
lengths w i t h  very l i t t l e  increase i n  modeling e f f o r t .  
For each configuration, several  crack length- 
The BFM is a versa t i le  technique t h a t  can be used t o  obtain very accurate 
s t ress - in tens i  t y  factors for  complex crack configurations subjected t o  s t r e s s ,  
displacement, o r  mixed boundary conditions.  The method requires  a minimal 
amount of modeling e f f o r t  and, therefore ,  s t r e s s - i n t e n s i t y  fac tor  analyses for  a 
range of crack l e n g t h s  can be performed w i t h  ease.  
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APPENDIX A - FUNDAMENTAL SOLUTION 
The BFM formulation uses the e l a s t i c i t y  solut ion f o r  concentrated forces  
and a moment i n  an i n f i n i t e  p l a t e  w i t h  a crack. Such a so lu t ion  was formulated 
by Erdogan C81 for  l i n e a r ,  i so t ropic  and homogeneous mater ia ls .  For 
completeness, the solution is presented below. 
S t r e s s  Functions 
Consider an i n f i n i t e  p l a t e  wi th  a crack subjected t o  concentrated forces  
Q and P and  a momentM at  an a r b i t r a r y  point 
A . l .  The complex variable s t r e s s  functions [8] a re  
z = x o  + i y o  a s  shown i n  Figure 0 
T(zo - z + i m  0 n ( 2 )  = KT - + - 2  + 4,lZ) 
* 
(z - zo> 0 z - z  
M 
2n 
where m = -  
18 
. 
1 
I ( z o )  = n C V  - zOl 
S t resses  
The s t r e s s e s  a t  any point z = x + i y  a r e  obtained from t h e  stress functions 
a s  
The barred quant i t ies  a r e  the complex conjugates and t h e  primed quant i t ies  
represent the der ivat ives  w i t h  respect t o  2. 
Displacements, Forces and Moments 
The displacements u and v a t  any point z = x + i y  a r e  obtained from the 
s t r e s s  functions as  
0 0 
( A .  3)  
where p is the shear modulus. The r e s u l t a n t  forces  F x ,  F and the r e s u l t a n t  
moment Mo across  the a r c  z1 t o  z2 (see Figure A . l )  d u e  t o  the concentrated 
f o r c e s  P and Q and moment M can be obtained e i t h e r  by integrat ing the s t r e s s e s  
Y 
19 
i n  e q u a t i o n  (A.2)  from 
f o l l o w i n g  e q u a t i o n s :  
z, t o  z2, or by u s i n g  t h e  stress f u n c t i o n s  i n  the 
( A .  4) 
S t r e s s - I n t e n s i  t y  F a c t o r  
The s t r e s s - i n t e n s i t y  f a c t o r s  for  c o n c e n t r a t e d  forces P and  Q a n d  moment M 
= xo + i y  0 0 i n  a n  i n f i n i t e  p l a t e  w i t h  a crack a p p l i e d  a t  a n  arbi t rary p o i n t  z 
are 
C J ( ~  - a )  g * ( z ) ~  1 i m  z+a K = K I  + i K I I  = 2& 
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APPENDIX B - R A D I A L  LINE METHOD 
T h i s  appendix  describes a s y s t e m a t i c  p r o c e d u r e ,  ca l led  t h e  r a d i a l - l i n e  
method, fo r  model ing  t h e  b o u n d a r i e s  of a crack c o n f i g u r a t i o n  u s i n g  a f i n i t e  
number of e l e m e n t s .  I n  t he  BFM, t h e  a c c u r a c y  of t he  s t r e s s - i n t e n s i t y  factors  
d e p e n d s  on  how well t h e  boundary c o n d i t i o n s  are approximated .  Because t h e  
b o u n d a r i e s  n e a r  t h e  crack t i p  are subjec ted  t o  h i g h e r  stress g r a d i e n t s  t h a n  t h e  
b o u n d a r i e s  f a r  from the  crack t i p ,  smaller e l e m e n t s  are needed t o  a c c u r a t e l y  
model r e g i o n s  n e a r  t he  crack t i p .  Therefore, a method t h a t  w i l l  a u t o m a t i c a l l y  
g e n e r a t e  smaller l i n e  e l e m e n t s  o n  the b o u n d a r i e s  n e a r  t h e  crack t i p  a n d  l a r g e r  
l i n e  e l e m e n t s  o n  the  b o u n d a r i e s  away from t h e  crack t i p  was developed .  With the 
r a d i a l - l i n e  method of m o d e l i n g ,  t h e  number of degrees of freedom needed  is 
s i g n i f i c a n t l y  r e d u c e d  w i t h o u t  s a c r i f i c i n g  a c c u r a c y .  T h i s  p r o c e d u r e  c a n  be b e s t  
descr ibed u s i n g  t h e  f o l l o w i n g  example. 
C o n s i d e r  a c e n t e r - c r a c k  t e n s i o n  spec imen w i t h  a crack of l e n g t h  2 a ,  a s  
shown i n  F i g u r e  B. 1 .  Because of symmetry, o n l y  o n e  q u a r t e r  of t h e  p l a t e  n e e d s  
t o  be  modeled. The boundary o f  t h i s  q u a d r a n t  c a n  be d i v i d e d  i n t o  two s e c t i o n s :  
Boundary 1 - t h e  v e r t i c a l  l i n e  A t o  B and Boundary 2 - t h e  h o r i z o n t a l  l i n e  
B t o  C .  Because t h e  s t r e s s - i n t e n s i t y  factor  is t h e  q u a n t i t y  of  i n t e r e s t  here, 
l e t  t h e  crack t i p  a t  x = a b e  t h e  p o i n t  from which a l l  r a d i a l  l i n e s  o r i g i n a t e .  
To d e t e r m i n e  t h e  e l e m e n t  s i z e s  on  Boundary 1 ,  f i r s t  t h e  d i s t a n c e  between t h e  
o r i g i n  of t h e  r a d i a l  l i n e s  ( t h e  c r a c k  t i p )  and t h e  s t a r t i n g  p o i n t  z ( p o i n t  A )  
is computed. 
is c h o s e n  t o  be a f r a c t i o n  of t h e  d i s t a n c e  r l .  
is s e t  e q u a l  t o  r /DF where DF is r e f e r r e d  t o  as t h e  d i v i d i n g  fac tor .  Because 
t h e  f a c t o r  DF is assumed t o  be known, t h e  d i s t a n c e  t o  p o i n t  z2 c a n  be 
d e t e r m i n e d .  N e x t ,  r t he  d i s t a n c e  from the  o r i g i n  of t h e  r a d i a l  l i n e s  ( t h e  
1 
Label t h i s  d i s t a n c e  r l .  The s i z e  of t h e  f i r s t  e lement  (z, t o  z 2 
2 T h u s ,  t h e  d i s t a n c e  from z t o  z 1 
1 
2 ’  
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crack t i p )  t o  z2, i s  computed. 
e q u a l  t o  r2/DF. 
t h e  e n t i r e  mode l ing .  T h i s  p r o c e d u r e  has t o  be m o d i f i e d  n e a r  t h e  e n d  p o i n t s ,  
s u c h  as p o i n t  B i n  F i g u r e  B . l .  If t h e  end p o i n t  of t h e  l as t  e l emen t  exceeds  the  
The s i z e  of t h e  s e c o n d  e l e m e n t ,  z2 t o  z is 3 '  
The d i v i d i n g  factor  DF is assumed t o  be i d e n t i c a l  t h r o u g h o u t  
end p o i n t  of the  boundary ( p o i n t  B ) ,  t h e  end  p o i n t  o f  t h e  boundary is a s s i g n e d  
as the  end p o i n t  of t h e  l as t  e l emen t  o n  t h a t  boundary. The same p r o c e d u r e  is 
r e p e a t e d  for  Boundary 2 where t h e  s t a r t i n g  p o i n t  o f  Boundary 2 is t h e  end  p o i n t  
of Boundary 1 .  
In t h e  r a d i a l - l i n e  method, t h e  s i z e  o f  the  e l e m e n t s  or t h e  d i s t r i b u t i o n  
d e n s i t y  of t he  e l e m e n t s  is d e t e r m i n e d  by t h e  c h o i c e  o f  t h e  o r i g i n  of t h e  r ad ia l  
l i n e  and t h e  v a l u e  of t h e  d i v i d i n g  f a c t o r  DF. Both c a n  be chosen  a r b i t r a r i l y .  
In a l l  t h e  problems i n v e s t i g a t e d  i n  t h i s  p a p e r ,  t h e  o r i g i n  of t h e  r a d i a l - l i n e  
was chosen  t o  be t h e  crack t i p  s i n c e  t h e  s t r e s s - i n t e n s i t y  f a c t o r  is t h e  q u a n t i t y  
of i n t e r e s t .  A DF v a l u e  of 10 was used  i n  a l l  problems.  
The most s i g n i f i c a n t  a d v a n t a g e  o f  t he  r a d i a l - l i n e  method c a n  be 
d e m o n s t r a t e d  i n  t h e  case o f  a v e r y  small crack emana t ing  from a s e m i - c i r c u l a r  
n o t c h  (see F i g u r e  10) .  Because o f  t h e  h i g h  stress g r a d i e n t  n e a r  t h e  crack t i p ,  
small  e l e m e n t s  a re  needed on p o r t i o n s  of t h e  s e m i - c i r c u l a r  boundary n e a r e s t  t h e  
crack t i p .  If e q u a l  s i z e  e l e m e n t s  are  u s e d ,  a l a r g e  number o f  e l e m e n t s  a re  
needed  on t h i s  curved  boundary. However, t h e  p o r t i o n  of t h e  c u r v e d  boundary 
t h a t  is away f rom t h e  crack t i p  d o e s  n o t  have  h i g h  stress g r a d i e n t s  and  s o  small 
s i z e  e l e m e n t s  on t h a t  p o r t i o n  of t h e  boundary  are u n n e c e s s a r y .  The r a d i a l - l i n e  
method g e n e r a t e s  sma l l  e l e m e n t s  n e a r  t h e  crack t i p  and  l a r g e r  e l e m e n t s  away from 
t h e  crack t i p .  T h i s  t y p e  of model ing  w i l l  s i g n i f i c a n t l y  r e d u c e  t h e  number of 
d e g r e e s  o f  f reedom n e c e s s a r y  t o  model t h e  c u r v e  boundary  w i t h o u t  s a c r i f i c i n g  
a c c u r a c y .  
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Table I - Stress- intensi ty  correct ion f a c t o r s  for  end-clamped 
tension specimen w i t h  a center crack. 
d/W 
0.5 
1 .o 
1.5 
2aiW 
0.1 
0.2 
0 .3  
0.4 
0.5 
0.6 
0.1 
0 .2  
0 .3  
0.4 
0.5 
0.6 
0.7 
0.8 
0.1 
0 .2  
0 .3  
0.4 
0.5 
0.6 
F 
Present CollocationC 1 1 1. 
1.0247 
0.8915 
0.7604 
0.6595 
0.5863 
0.5319 
1.051 4 
1.0074 
0.9453 
0.8763 
0.8089 
0.7484 
0.6975 
0.6601 
1.0326 
1.01 46 
0.9872 
0.9534 
0.9167 
0.8810 
1.0300 
0.8970 
0.7600 
0.6570 
0.5900 
0.5370 
1.0500 
1.01 00 
0.9500 
0.8800 
0.81 20 
0.7520 
0.7020 
0.6650 
1.0370 
1.0200 
0.9900 
0.9550 
0.9200 
0.8830 
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Table I1 - Stress-intensity correction factors for a three hole 
crack specimen. 
a/W 
.025 
.050 
.075 
. l o o  
.125 
.150 
.175 
.200 
.225 
.250 
.275 
.300 
.325 
.350 
.375 
.400 
.425 
.450 
.475 
.500 
.525 
.550 
.575 
.600 
F 
Present Results FEM [12] 
2.2655 
1.71 25 
1.4829 
1.351 0 
1.2504 
1.1558 
1.0506 
0.9341 
0.8101 
0.6918 
0.5999 
0.5508 
0.5491 
0.5892 
0.6551 
0.7323 
0.81 19 
0.8901 
0.9682 
1.0524 
1.1507 
1.2774 
1.4609 
1.7723 
2.2221 
1.6930 
1.4663 
1.3372 
1.2406 
1 .1487 
1.0483 
0.9347 
0.8122 
0.6939 
0.5992 
0.5455 
0.5403 
0.5773 
0.641 7 
0.7183 
0.7972 
0.8747 
0.9523 
1.0348 
1.1305 
1.2557 
1.4374 
1.7296 
a / r  
Table I11 - Stress- intensi ty  correct ion f ac to r s  f o r  an edge 
crack emanating from a semi-e l l ip t ica l  notch. 
1.04 
1.05 
1.06 
1.08 
1.10 
1.15 
1.20 
1.30 
1.50 
1.75 
2.00 
3.00 
4.00 
6.00 
8.00 
F(r/W - .25) F ( r / w  = .125) 
1.1741 
------ 
1.2112 
1.2291 
1.2397 
1.2558 
1.2676 
1.2905 
1.3407 
1.4137 
1.4985 
1 .9787 
2.8182 
------ 
------ 
F(r/W = .0625) 
1.0995 
1.1301 
1.1434 
1.1504 
1.1583 
1.1626 
1.1688 
1.1825 
1.2033 
1.2248 
1.3403 
1 A985 
1.9791 
2.81 80 
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Table IV - Stress-intensity correction factors for an edge crack emanating from 
a V-notch. 
a/ r 
1.04 
1.05 
1.06 
1.08 
1.10 
1.15 
1.20 
1.30 
1.50 
1.75 
2.00 
3.00 
4.00 
6.00 
8.00 
F(r/W = .25) F(r/W = .125) 
1.1932 
------ 
1.2106 
1.2228 
1.2322 
1.2501 
1.2644 
1.2898 
1.341 0 
1.4137 
1.4982 
1.9792 
2.8199 
------ 
F(r/W = .0625) 
1.1160 
------ 
1.1300 
1.1387 
1.1450 
1.1548 
1.1609 
1.1693 
1.1834 
1.2027 
1.2248 
1.3400 
1.4981 
1.9782 
2.8204 
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- X  
-W 
Figure  1 - Stress boundary v a l u e  problem. 
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Figure  3 - Displacement boundary v a l u e  problem. 
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Figure 4 - Mixed boundary value problem. 
30 
.05 
.04 
.03 
Reiaiive 
error 
.02 
. 01 
0 
f 
L 
H 
H/W = 2.0 
2a/W = 0.8 
0 Forces only 
0 Forcesand moment K 50 100 150 200 250 
Number of degrees of freedom 
Figure 5 - Convergence of relative error U s i n g  either vvforCetv method or tfforce 
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Figure 6 - Comparison of convergence rate for  equal s ize  elements and graduated 
elements discretization. 
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Figure 7 - Stress-intensity correction factors for a end clamped tension 
specimen with a center crack. 
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Figure 9 - Stress-intensity correction factors for a single edge-crack specimen 
and an edge crack emanating from a semi-elliptical notch. 
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Figure 10 - Stress-intensity correction factors for a single edge-crack specimen 
and an edge crack emanating from a semi-circular. notch. 
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. Figure A . l  - C o n c e n t r a t e d  loads and moment i n  a i n f i n i t e  p l a t e  w i t h  a crack. 
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Figure B.l - Radial-line method for generating mesh points. 
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